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After depositing a wetting liquid onto a porous medium surface, and under the influence of the capillary pressure, the liquid
is imbibed into the porous medium creating a wetted imprint. The flow within the porous medium does not cease once all the
liquid is imbibed but continues as a secondary capillary flow, where the liquid flows from large pores into small pores along
the liquid interface. The flow is solved using the capillary network model, and the influence of the boundary condition on the
liquid distribution within the porous medium is investigated. The pores at the porous medium boundaries can be defined as
open or closed pores, where an open pore is checked for the potential threshold condition for flow to take place. In contrast,
the closed pore is defined as a static entity, in which the potential condition for flow to take place is never satisfied. By
defining the pores at distinct porous medium boundaries as open or closed, one is able to obtain a very different liquid
distribution within the porous medium. The liquid saturation profiles along the principal flow direction, ranging from
constant to steadily decreasing, to the profile with a local maximum, are found numerically. It is shown that these saturation
profiles are also related to the geometrical dimension that is perpendicular to the flow principal direction, and changing the
boundary type from open to closed allows the liquid distribution within the porous medium to be controlled. In addition to
the liquid distribution, the influence of the boundary conditions on capillary pressure and relative permeability is
investigated, where both parameters are not influenced by variation of the boundary condition types. VVC 2011 American
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Introduction

The secondary capillary flows, which are defined as inter-
nal liquid flows within porous medium after the liquid from
the porous medium surface is completely imbibed by porous
medium, are not addressed comprehensively regardless of
the fact that these flows are often present. Some typical
cases include underground water flows,1 drying, oil recov-
ery,2 printing,3 or even everyday problems as in diapers. In
common to all of these applications is that the imbibed vol-
ume of liquid spreads further in the porous medium until an
equilibrium liquid phase distribution in the porous medium
is reached. Clearly, the secondary capillary flows are multi-
phase flows, where a constant volume (initially imbibed)
spreads into previously dry regions of porous medium.4 Fur-
thermore, they are purely driven by the capillary force at the
wetted/dry interface within porous medium, as the capillary
flow is caused by porous medium heterogeneity,5 and the
liquid flows locally at the interface from the points of higher
potential to the points of lower potential. Due to the second-
ary capillary flows, the liquid distribution within the porous
medium changes. Over time, highly saturated regions
become less saturated, and at the same time, previously dry

regions become wet to some extent, altering the spatial
‘‘wetness’’ within the porous medium; the effect used in dia-
pers. Similarly, in oil recovery, one can investigate how the
remaining oil is redistributed in the well, looking for
the strategies on how to promote the agglomeration of the
remaining oil phase (due to the enhanced secondary flow of
another phase).

The existence of the secondary capillary flow is observed
both experimentally and numerically in the sessile droplet si-
multaneous secondary spread and evaporation problem (see,
e.g., Markicevic and Navaz6 and references therein). It has
been shown that the increase of the wetted volume in the po-
rous medium can be significant, with the saturation decreas-
ing for an order of magnitude before the equilibrium liquid
distribution is reached.7 Similarly, in the drying problem, the
initial mass loss is linear in time and this constant drying
rate can be prolonged due to the secondary flow, which
replenishes the liquid closer to the evaporation boundary.
For evaporation from semi-infinite domains, the secondary
flow is also responsible for ‘‘tail’’ in the evaporation curve
as liquid protrudes deeper into porous medium compared to
the case without the secondary flow, and, therefore, it takes
longer for the liquid to evaporate. Hence, four distinct
regions can be defined in the secondary flow or evaporation
problem, where, between fully saturated and dry regions of
porous medium, a partially saturated region exists in which
the liquid content (saturation) changes from zero to one.8–11
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The liquid distribution within the partially saturated region is
not the same in low and highly saturated subregions. For the
liquid low saturation both the less-branched carrying back-
bones and liquid ganglia (insulated parts of liquid phase) are
present, whereas the highly saturated subregion consists
mainly of a single branched carrying backbone in which the
liquid phase is connected continuously. Finally, for longer
times, and due to the secondary capillary flow (or evapora-
tion), the fully saturated region fades, becoming a partially
saturated region with the capillary flow rate decreasing
before the liquid distribution reaches an equilibrium,7 or
becomes equal to zero due to the evaporation.6

The capillary network models, in which an actual porous

medium is represented as a network of volumetric ele-

ments—pores connected by transport resistance elements—

throats can be used to solve the secondary flow problem.12

For a specific processes such as a slow drainage, the formu-

lation which utilizes a specific mechanistic rule, as in inva-

sion percolation13 can be used. However, for the general so-

lution in which the capillary number changes in time, the

dynamic formulation based on the potential at the interface

needs to be implemented.4,14,15 In the secondary flow, in

addition to the change of the capillary number, there is a

change of the flow mechanism. Initially, the gas-liquid inter-

face is located close to the fully saturated region, and one

observes in-parallel the local capillary flows at the interface

and the viscous flow from the highly saturated region to the

low-saturated region. The local flows at the interface are

caused from the local differences in the capillary pressure

where two adjacent pores or two pores, which are close to

each other, have distinct capillary pressures. The length-scale

of the flow is equal to a small multiple of throat size. On the

other hand, for each larger entity, such as the surface of the

highly saturated region or pores which are located at the sur-

face between wetted and non-wetted regions, an average

capillary pressure can be defined and there is a viscous flow

between two entities. The viscous flow length-scale is equal

to the distance between two entities. As the secondary flow

progresses, the larger entities for which the specific capillary

pressure can be defined gradually vanish, and the secondary

capillary flow becomes more of a local phenomenon. Macro-

scopically, this transition is referred to as the changes

in flow type, where the viscous flows are more in the carry-

ing backbone, and the local capillary flows can be seen as

a hopping flow between the neighboring pores affecting

flow stability.16–19

The pores at the gas|liquid interface can be either volu-
metric, located deeper in the porous medium (e.g., displacing
interface), or surface, located at a porous medium boundary.
Regardless of their location, the interfacial pores are partially
or fully saturated, where the fully saturated pore is formed
after emptying an adjacent partially filled pore in the previ-
ous discrete step. To obtain a well-imposed problem, the
boundary conditions for the secondary capillary flow need to
be defined; each pore at the gas|liquid interface has to be
checked with respect to the capillary pressure threshold, and,
hence, the flow rate in each pore is calculated. It should be
noted here that fully saturated volumetric and surface pores
differ; all adjacent pores can be full for a surface pore, while
at least one adjacent pore is empty for a volumetric pore.
Thus, along porous medium boundaries, the question is
should the full pores be checked for the capillary pressure
threshold, or simply be considered as flow pores, which

belong to the fully saturated body of liquid. Furthermore, the
wetted boundaries of the porous medium are not all the
same, and they can be located next to the solid wall, being
the boundary from where the liquid is initially imbibed
(inlet) or simply the boundary that is located next to the am-
bient air. These differences in the porous medium boundaries
further complicate the question of how to define the full
pores, where on each of these porous medium boundaries,
the full pores can have distinct behavior. Finally, the differ-
ence in these boundary pores will cause variations in the liq-
uid distribution, where of special interest is whether the rela-
tive permeability and capillary pressure remain invariant for
the distinct boundary conditions.

Problem Formulation

In the primary imbibitions, the wetting liquid is imbibed
by porous medium. Having imbibed a volume of the wetting
liquid (V0) which is less than the overall void volume of the
porous medium (Vvoid), wetted and dry volumes of the po-
rous medium can be distinguished. This flow is also referred
to as primary spread,20 and it is shown in Figure 1, where a
porous medium rectangular domain is partially wetted by the
liquid with the interface (Sint) between wet and dry regions
(Spri) (note Sint : Spri). During the primary spread, the liq-
uid flows into the porous medium across an inlet boundary
(Sinl) with the flow rate greater than zero (qb [ 0), and the
wetted volume (Vwet) is located between Sinl and Spri. The
secondary capillary flow4 is defined as a purely capillary
flow of the liquid that is already within the porous medium,
and without any liquid flow across porous medium bounda-
ries (qb ¼ 0) as shown in Figure 1. The additional wetting
of a previously dry porous medium occurs at the expense of
depleting the liquid from the wetted volume, and the second-
ary flow interface (Sint) between dry and wet regions (Ssec)
can be identified as Sint : Ssec. Viewing a porous medium
as the network of pores of different sizes, and, due to the
varying pore size and corresponding capillary pressures, the
smallest pores within the dry volume are filled by liquid
from the largest pores located in the wetted region during
the secondary flow. Thus, the wetted volume consists of
drainage and imbibition regions. Their positions can be
approximately defined with respect to Spri, where wetted vol-
ume in the primary spread (from Sinl to Spri) is partially
drained with the liquid filling the pores that belong to the
region between Spri and Ssec. The interface between the wet-
ted and dry region (Ssec) changes in time, and so does wetted
volume (Vwet). Thus, the secondary flow is exclusively the
multiphase flow, as over time, a constant volume of liquid
(V0) wets a larger volume of porous medium (Vwet), causing
the saturation in the wetted volume of porous medium to
decrease, s ¼ V0/(/Vwet). Finally, the secondary flow is ter-
minated once the equilibrium liquid distribution within po-
rous medium is achieved.

Throughout the secondary flow, the wetted volume of the
porous medium (Vwet) is bounded by interface between wet-
ted and dry regions (Ssec), and by wetted boundaries of the
porous medium. As shown in Figure 1, a few distinct boun-
daries can be identified. All pores within the porous medium
volume at liquid interface Sint are checked for the capillary
pressure boundary condition. The inlet boundary (Sinl) is
completely immersed in the liquid before the liquid is
imbibed by porous medium. The wall boundaries (Swall) are
defined as boundaries that are in direct contact with the solid
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surface or the ambient air. It is obvious that the behavior
of the liquid may differ at all these boundaries, which
need to be defined by pertinent boundary conditions. The
pores at the porous medium boundary can be viewed as
pores for which the capillary pressure threshold boundary
condition applies, or simply be considered as flow pores
not checked for the capillary pressure. If the boundary
pores are set as flow pores, they can be emptied only
once they are next to an empty volumetric pore and the
capillary pressure condition is satisfied. Therefore, two
types of boundary pores can be defined; namely open and
closed pores, the first being checked for the capillary pres-
sure threshold condition and the latter being considered as
the flow pores (the net flow in the flow pore is equal to
zero). The definition of open and closed pores is shown in
Figure 2, with the dashed line representing the porous me-
dium boundary; open pores can undergo the change of
being empty or being full an arbitrary number of times
during the secondary flow duration.

The dynamics of the secondary flow is governed by in-
stantaneous pressure changes, where from the pressure solu-
tion; the flow rates into the open pores at the wetted bounda-
ries of porous medium are computed. For each open pore at
the wetted boundaries, and all volumetric pores within po-
rous medium at the interface between gas and liquid phase,
two pressures are defined pint|Gas and pint|Liq. The absolute
value of the pressure difference |pint|Gas � pint|Liq| compared
to the capillary pressure (pc) threshold gives the condition
for the interface to deform

pintjGas � pintjLiq
�� �� > pc; flow

\pc; static

�
(1)

where the flow rate into or out of the interfacial pore can take
place. For the static pores, the capillary pressure threshold

condition is not satisfied and the capillarity keeps the liquid in
such a pore. It has been already explained that in the next step,
due to the changes of the liquid distribution and liquid
pressure, the static pore can have the flow rate different than
zero. Due to the heterogeneity of the porous medium, the flow
at the interface can be stable or unstable with the interface
smoothly advancing or retreating (piston flow and snap-off), or
for the flow in one pore which is not similar to the flows in the
neighboring pores, gas clusters and liquid ganglia emerge
promoting the flow instability. Macroscopically, sudden local
changes in flow velocity deform the interface shape which
becomes the interface with a finite thickness or the flow front
that can lead further to the significant local protrusion of one
phase into another referred to as phase fingering. Finally, the
flow stability can be altered due to the simultaneous filling and
emptying of pores during the secondary capillary flow.

To solve the primary and secondary flow, which accounts
for the local flows at the interface governed by the capillary
pressure condition in Eq. 1, the capillary network model
with the dynamic boundary condition can be used. In the
model, the porous medium is replaced by a network consist-
ing of the volume elements—pores and the flow resistive
elements—throats. Throughout the spread, the liquid phase
pressure is repeatedly solved over the network from the con-
servation equations (mass and momentum), where the dis-
crete time steps is defined as the minimum time needed for
a pore from the interface to become full or empty. After
each time step, the new position of the interface is identified.
From the calculated pressure, the local flows in each pore at
the interface are found, where for each pore at the interface,
the flow rate can be positive or negative depending on the
local force balance. However, in the next step, the flow
direction in each of the pores can be reverted depending on
the new pressure solution. For each pore (i) at the interface,
the pore saturations at the gas|liquid interface satisfy the 0
\sp,i \1 condition, with the pore flow rate greater or smaller

Figure 1. Primary and secondary capillary flow, gas|
liquid interfaces and different types of porous
medium boundaries wetted by liquid phase.

Figure 2. Definition of open and closed pores at the
porous medium boundaries (Sbou), where the
potential condition is used for open pores,
and closed pores are set as flow pores
in which the potential condition is never
satisfied.
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than zero, qp,i|þ and qp,i|�. Based on the pore flow rate sign,
the pore capillary pressure is also defined as pc,p,i|þ and
pc,p,i|�. Having the flow rates defined, the flow stability is
directly accounted for, where the piston flow and snap off
are attributed with smaller variations in qp,i|þ and qp,i|�. On
the other hand, due to the porous medium heterogeneity, the
liquid phase can protrude further into the dry part of the po-
rous medium or the gas phase can be entrapped by the liquid
phase forming liquid ganglia and gas clusters, respectively.
The sizes of both clusters and ganglia are a measure of the
flow instability, which is influenced by local variation in
qp,i|þ and qp,i|�. Finally, to obtain the macroscopic parame-
ters for stable flows, the pore quantities need to be averaged.

Two distinct pressure gradients within the liquid phase
can be distinguished intuitively in the secondary capillary
flow. Initially, the liquid is distributed in the smaller volume
of the porous medium (Vwet), has high saturation, and is
transported into newly wetted volume. Both of these entities
(wetted volume and newly wetted volume) have well defined
capillary pressures, and their difference is significant. Due to
the difference of the capillary pressures for these two enti-
ties, the liquid flow takes place along the length scale equal
to the distance between two entities (lgl). Thus, the viscous
flow rate is defined

qvis / � 2r cosðhÞ
lgl

pc;pri
2r cosðhÞ �

1

rp;sec

� �
(2)

where r is the liquid surface tension, and y is the contact angle
inside the porous medium. The value of pc,pri is an average
capillary pressure in the porous medium volume wetted in the
primary spread (located between Sinl and Spri), and rp,sec is an
average pore radius in the region wetted during the secondary
spread (from Spri to Ssec). The value of qvis decreases in time as
lgl and pc,pri increase (thus, pc,pri approaches 2rcos(y)/rp,sec). In
parallel with the viscous flow, the capillary flow in the
partially wetted part of porous medium takes place, where for
two pores (i) and (j) close to each other, the capillary flow rate
can be expressed as follows

qcap /
2r cosðhÞ

lloc

1

rp;i
� 1

rp;j

� �
(3)

As can be seen, the capillary flow rate is proportional to
the capillary pressure difference between two pores having
pore radii rp,i and rp,j. and inversely proportional to the dis-
tance between two pores (lloc). Two pores can be next to
each other or at a distance equal to a few multiples of dis-
tance between the adjacent pores. The capillary flow rate
also decreases during the secondary flow, where lloc
increases and 1/rp,i�1/rp,j decreases in time. Comparing qvis
and qcap, it can be seen that qvis is responsible for flow in
large entities, whereas qcap gives the magnitude of local
flows with both flows occurring at different length scales.
Changing the boundary conditions by setting the boundary
pores as open or closed, one can change the significance of
either of the two flows. Thus, having all pores at the liquid
boundaries defined as closed, except for volumetric pores
inside the porous medium that are always defined as open,
the flow is localized at those pores, and therefore, capillary
flow is dominant. If the inlet boundary is defined as consist-
ing of open pores, the viscous flow between the inlet bound-
ary and volumetric pores within porous medium takes place,

with the viscous flow direction and additional capillary flow
(inlet) coinciding. During the secondary spread, the magni-
tudes of these two flows change. In general, the viscous flow
is dominant initially, and the capillary flow prevails at the
later stages of the secondary spread. Finally, if the pores at
the wall boundaries are open, capillary flow becomes more
significant as its flow direction is perpendicular to the princi-
pal direction of the viscous flow causing faster secondary
spread induced by a larger number of open pores at the liq-
uid phase boundary.

Results and Discussion

The primary and secondary capillary spread for the geom-
etry as shown in Figure 1 are solved numerically using the
capillary network model with dynamic boundary condition,
in which, after each discrete step, the instantaneous liquid
phase pressure is found and liquid flow rate at the interface
is calculated. By defining the pores as open or closed at the
liquid phase boundaries, three different sets of boundary con-
ditions are exploited: only the interface pores are defined as
open in the first solution, the inlet pores, together with the
interface pores are defined as open in the second solution,
and, all pores, including the wall pores, are set as open in
the third solution. The spread is solved over a porous me-
dium of size (lx � ly � lz ¼ 10 mm � 3 mm � 45 mm) cor-
related to a network consisting of (nx � ny � nz ¼ 33 � 10
� 150) pores which gives the equivalent length leq ¼ li/ni ¼
0.3 mm. Typical sand values of porous medium porosity and
permeability are set, / ¼ 0.40 and K ¼ 10�12m2 and later
related to the parameters of a regular cubic network defined
by pore radius and throat radius and length, (rp, rt, lt). The
pore radii are prescribed from the uniform distribution from
the interval (rmin, rmax) and heterogeneity parameter v ¼
rmax/rmin�1, with throat radii correlated to the two pores’
radii, rt,i,j ¼ (rp,iþrp,j)/2. As a liquid phase, the water-like
fluid is used with viscosity and surface tension equal to l ¼
10�3 Pas, and r ¼ 7 � 10�2 Pam. The contact angle
between liquid and solid phase within porous medium is set
y ¼ 0, but any angle can be used because its influence as
cos(y) is included in the numerical solution.

The void volume of the porous medium domain is Vvoid ¼
540 mm3, and the liquid volume is set as V0 ¼ 160 mm3. In
the primary spread, 0.3Vvoid is filled only, and the liquid sec-
ondary spread is solved implementing the first type of the
boundary condition for open pores at the interface within the
porous medium. The liquid distribution is shown in Figure 3
at the end of the primary spread, and for two distinct times
during the secondary spread. In Figure 3, the saturations less
than s \0.33 are given to better visualize the low-saturated
region. The liquid spreads into previously dry porous me-
dium, and, in the same time, the unsaturated front protrudes
into the previously fully saturated region of the porous me-
dium, with two regions located on the opposite sides of the
dry/wet interface at the end of the primary spread (Spri).
These two spreads can be seen as simultaneous liquid imbi-
bition by small pores and liquid drainage from the large
pores. There is a large difference between the two flows,
where the imbibitions flow front is smooth (still, some small
fingers are observed locally as imbibition progresses) as the
flow is driven by invading the small pores for which the
flow is stabilized by high-flow rate (high-capillary pressure)
of liquid as invading phase.21 Having the small pores uni-
formly distributed throughout the volume (stochastically
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homogeneous medium), the liquid is imbibed by those pores
and progresses further. Still, the flow is multiphase as only
small pores are filled and large pores remain empty in this
part of the porous medium. On the other hand, the drainage
of large pores is slow due to the volumetric pore factor
(pore volume of drained pores is larger than the pore volume
of imbibing pores), and drainage instability reaches a maxi-
mum geometrical scale due to the gas phase being the invad-
ing fluid (in this study, drainage interface reaches the inlet
boundary). Further drainage occurs in the remaining highly
saturated regions of the porous medium.

For the second set of boundary conditions in which the
inlet pores are defined as open, the secondary spread liquid
distribution in draining part of the porous medium is
changed compared to the previous flow case. Defining the
pores at the inlet boundary as open pores, there is a liquid
loss at the inlet boundary together with a protruding drainage
front initiated from the Spri. Two drainage fronts (from inlet
and Spri) are more stable as can be observed from Figure 4
but still with the principal flow direction along z-axis. On
the other hand, the imbibing part of the domain remains sta-
ble (local limited fingering is observed), and again with the
multiphase flow pattern. This may be attributed to the
boundary type conditions and open inlet pores, where now
not only does that drainage part shrink in size (interface),

but there is a net flow from the inlet to the interface bound-
ary, with the liquid transport into the imbibing part of the
porous medium volume being very similar to the interface
boundary conditions flow (see Figure 3 for secondary flow
and short time). The evidence for different flow stability can
be found from the third set of boundary conditions, in which
wall pores are also defined as open. Regardless of the
changes of the dominant geometrical scale in the drainage
part (now in y-direction), one observes again a smooth front
for the liquid flow in the imbibition part. Flow in the drain-
age part changes dramatically, where the liquid depletion is
uniform from the overall drainage part of the domain.
Clearly, such liquid distribution is a consequence of the cap-
illary flow extent, where now, due to the large number of
open pores, the liquid drains more easily from the highly sat-
urated region.

From the numerical solution of how the liquid distribution
within porous medium changes in time, the axial saturation
profiles for the secondary spread are determined. Each point
along the axial saturation profile is computed as an average
saturation in the domain segment as shown in Figure 5.
Dividing the domain in nd ¼ 15 with nseg ¼ nz/nd ¼ 10
pores in segment z direction, the segment in Figure 5 con-
sists of nx � ny � nseg ¼ 33 � 10 � 10 pores. The pore sat-
urations (sp) are depicted in one-third increments from zero

Figure 3. Secondary flow and changes of liquid distri-
bution in porous medium in which draining
(light gray) and imbibing (dark gray) subre-
gions can be identified.

Figure 4. Variations in liquid distribution for three dis-
tinct types of the boundary conditions
referred to as interface, inlet and wall types.

The liquid distribution is also influenced by geometrical

dimensions which can be observed for wall boundary

conditions.
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to one, with dark gray, black, and light gray, respectively.
The segment average saturation (s) is found as a ratio of the
liquid volume in segment to the segment void volume,
where the liquid volume in the segment is calculated by add-
ing the liquid volumes in each pore sp,iVp,i, and the void vol-
ume of the segment is equal to the sum of the volumes of
all the pores in the segment Vp,i. Thus, calculated axial satu-
ration profiles for all three different types of the boundary
conditions are given in Figure 6, where, in each frame, the
different symbols connected with lines represent saturation
profiles calculated for different times throughout the second-
ary flow. For open pores only located at the interface, the
flow backbone (continuous liquid-phase flow pattern) con-
sists of the smallest pores. The flow backbone advances in
time, but its structure does not change in the previously wet-
ted region within the imbibition part as suggested from the
axial saturation profiles. The saturation in the draining part
of porous medium decreases gradually. The same saturation
profiles are observed for the inlet type boundary conditions
in the imbibition part, whereas the saturation in the draining
part shows a maximum due to the flow at the inlet boundary.
The maximum position is closer to the inlet than to the inter-
face due to the larger number of open pores at the interface.
Thus, the drainage flow rate is faster from the interface than
the inlet side of the draining region. Once the wall pores are
defined as open, the liquid distribution in both the imbibition
and drainage parts is significantly different. In the imbibition
part, the form of the flow backbone changes throughout the
secondary flow, where over time, one observes some drain-
age in the imbibing part of the porous medium for longer
times. In the draining part, the saturation profiles remain
constant. Both liquid behaviors can be attributed to the
decrease in the geometrical scale and an increase of the cap-
illary flow contribution in overall liquid distribution.

As expected, a difference in the boundary conditions pro-
duces different liquid distribution in the porous medium. On
the other hand, it is important to check whether the capillary
pressure (pc), and relative permeability (kr) change with the
boundary conditions. Similar to the calculation of the satura-
tion, these two parameters are calculated over a segment, and
in order to obtain how they change with saturation, they are
correlated to the segment saturation obtaining pc(s) and kr(s).
In previous considerations, we define the draining part of the

porous medium that coincides to the wetted volume of the po-
rous medium in the primary spread, and the imbibition part as
a newly wetted region of the porous medium during the sec-
ondary flow. However, in both parts, the pores that are filled
and emptied are observed. The evidence for such behavior is
found from the numerical calculation, best visible for a
decrease in axial saturation profiles in the imbibition part of
the porous medium for wall boundary conditions. Hence, in
each segment, the averaged positive and negative capillary
pressure pc|þ and pc|� (positive and negative with respect to
sign of qs), and flow rates, qs|þ and qs|�, of all filling and all
emptying pores can be distinguished as intrinsic flow proper-
ties.22 The segment-apparent capillary pressure (pc) is calcu-
lated as an average capillary pressure of all partially saturated
pores regardless of each pore flow rate. For the overall domain,
the overall flow rate of liquid is equal to zero (constant liquid

Figure 6. Axial saturation profiles s(z) for three distinct
boundary conditions types.

Due to the influence of open pores position and domain

geometrical dimensions, the saturation profiles vary sig-

nificantly. In all three frames, each saturation profile

corresponds to a different secondary flow time.

Figure 5. Averaging element defined as segment
consisting of nx 3 ny 3 nseg pores used to
calculate the saturation and flow parameters.

All quantities are assumed constant over the segment.

2916 DOI 10.1002/aic Published on behalf of the AIChE September 2012 Vol. 58, No. 9 AIChE Journal



volume), and, for a sufficiently large segment, qs|þþqs|� ¼ 0.
The maximum of qs|þ is in the segment to which the dry/wet
interface at the end of primary spread (Spri) belongs, where this
segment can be defined as a reflective, with the reflective flow
rate defined as qref ¼ 2max(qs|þ)�qs|þ, in the draining part and
qref ¼ qs|þ in the imbibition part. The reflective flow is due to
the capillary pressure difference, pc|þ�pc|�. Hence, liquid-
phase permeability (Kph), and relative permeability (kr) are
found from the following expressions

KphðsÞ ¼ l
qref ðsÞ
lxly

lseg
pclþðsÞ � pcl�ðsÞ

and krðsÞ ¼
KphðsÞ
K

(4)

where K is porous medium (single-phase) flow permeability.
The changes of capillary pressure and relative permeabil-

ity as functions of saturation pc(s) and kr(s) are shown in
Figures 7 and 8 for all three types of boundary conditions.

In both figures, the parameters are determined for different
times throughout the secondary flow as shown with different
symbols connected by lines for better visibility, and it can
be observed that the parameters coincide in the whole range
of saturation (0 �s �1) regardless of elapsed time. The cap-
illary pressure changes faster for low-saturations due to its
inverse proportionality to the pore radius. For higher satura-
tions the capillary pressure is averaged over the broader
range of pore radii and the influence of small pores is less-
ened. On the other hand, the relative permeability shows
three distinct regions where abrupt changes in kr(s) are
caused by large variations in the number of pores which
belong to the carrying backbone for low saturation, and, due
to the presence of negative flow, qs|� for high saturation. For
moderate saturations, kr(s) is less influenced by saturation. In
order to investigate how the parameters are influenced by
the boundary conditions, the results from Figures 7 and 8
for pc(s) and kr(s) are combined as shown in Figures 9 and
10 for two parameters, respectively. Different symbols

Figure 7. Changes of capillary pressure as a function
of saturation, pc(s) for distinct boundary con-
ditions.

The function pc(s) remains the same regardless of time

elapsed during the secondary flow.

Figure 8. Change of relative permeability as a function
of saturation, kr(s) for distinct boundary con-
ditions and its invariance on the secondary
flow duration.
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represent interface, inlet, and wall boundary conditions (in
here, distinct times throughout the secondary flow are shown
with the same symbols for each boundary conditions set),
and as can be seen, numerical results suggest that pc(s) and
kr(s) are the boundary conditions invariant. This is especially
true for kr(s), whereas some variations of pc(s) are observed
for wall boundary conditions (circles in Figure 9) which
might be caused by coarse network and segment sizes used
in the numerical calculations.

The numerical results reveal a few important features of
the secondary capillary flow with respect to the magnitude
of capillary pressure and relative permeability, invariance
with respect to the flow duration time and boundary condi-
tions, and flow stability and usage of the Darcy law to
describe the fluid flow. There is a simultaneous imbibition
and drainage during the secondary flow and, therefore, the
capillary pressure is a weaker function of saturation com-
pared to the primary flow. A major change in the capillary
pressure is for low saturation, as the imbibition in this region
is pronounced. The same arguments apply for relative per-
meability. As already mentioned, there are some variations
in the capillary pressure and relative permeability, but
both parameters still show consistent behaviors for distinct
times throughout the spread and boundary conditions set
(Figures 7 and 8) and, once they are compared, for differ-
ent boundary conditions (Figures 9 and 10). More exclu-
sive evidence for the invariance of two parameters could
be obtained by solving the problem on the larger networks
and more network random realization (we solve the prob-
lem for only one network realization). However, from the
physics standpoint, the capillary pressure and relative per-
meability invariance for the secondary flow with distinct
boundary conditions should not be mislead by capillary
pressure hysteresis for the primary drainage and imbibi-
tion. In the latter case, the capillary pressure and relative
permeability are compared for two different processes,
imbibitions and drainage.

The results in Figures 3 and 4a show some fingering in
the draining part of the porous medium (on the left hand
side of the figures) for boundary conditions referred to as
interface, whereas no such fingers are observed for inlet

and wall boundary conditions. The fingers may be attrib-
uted to the domain size and influence of the geometrical
scales, where by setting the inlet or wall boundary condi-
tions, the magnitude of the viscous flow from Eq. 2
increases. This is especially true for the wall boundary con-
dition, where the viscous flow length-scale is in order of
medium thickness that is small in this study. For all three
types of the boundary conditions, the flow front in the imbi-
bition parts remains more stable with no pronounced capil-
lary instability (still some fingering is observed for all three
boundary conditions). As can be seen in Figures 9 and 10,
the capillary pressure and relative permeability for the
interface boundary conditions (squares) do not differ signif-
icantly from their inlet (triangles) and wall (circles) bound-
ary condition counterparts. This may be explained by com-
paring the size of the domain and finger in Figure 3, where
they are of comparable size and the single finger grows
similarly to one-dimensional stable drainage flow. In this
way, the draining flow is pseudo-stable. Clearly, it is of in-
terest what would be the flow dynamics for larger domains
in which more than one finger can grow simultaneously.
The Darcy law and the capillary pressure and relative per-
meability predicted in here can be used only in a case for
which the secondary capillary flow is stable as for the flow
patterns observed for the inlet and wall boundary condi-
tions. Finally, it should be noticed that besides altering the
wetting characteristics of the porous media boundaries on
purpose (to alter the liquid saturation in the secondary
flow), different liquids in the same porous medium may
behave dissimilarly, producing stable or unstable flow and
corresponding saturation profiles.

Conclusions

The secondary capillary flow is formulated as a multi-
phase flow problem and solved numerically using the capil-
lary network model with the potential formulation at the
gas|liquid interface. Having a constant volume of liquid
spreading in the porous medium and wetting previously dry
regions, one observes two subregions of wetted volume
behaving as mainly draining and mainly imbibition subre-
gions. From the numerical solution, the liquid distribution

Figure 9. Invariance of capillary pressure curves pc(s)
on distinct boundary conditions.

There is a slight deviation of pc(s) curves for wall bound-

ary conditions, long time of secondary flow and high

saturations (circles), but it may also be caused by the

network size used in the calculations.

Figure 10. Comparison of relative permeability curves
kr(s) for distinct boundary conditions.

There is a close agreement between all curves regard-

less of boundary conditions, secondary flow duration

time and liquid saturation.
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and flow parameters are determined for three distinct bound-
ary conditions. These boundary conditions are obtained by
varying the pore types, being open or closed, at the wetted
parts of the porous medium boundaries. It is found that the
liquid distribution within porous medium is greatly altered
by the boundary conditions, where the averaged saturation
profiles in the principal flow direction varied from gradually
decreasing profiles with local maximum, to axial profiles
with almost constant saturations. These saturation profiles
remain self-similar in time as secondary flow progresses.
From the numerical solutions, the capillary pressure and rel-
ative permeability have been determined, where it is found
that both parameters are invariant with time as secondary
flow progresses for a specific boundary condition, and, also,
they are invariant for distinct boundary conditions. Finally,
the finding that the liquid distribution in the secondary flow
varies for distinct boundary conditions can be employed in
applications, such as printing, baby diapers, oil recovery, by
treating the porous medium boundaries (surfaces) to promote
the surface pores of porous medium to behave more as open
or closed pores.
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